Fixed points and infrared completion of quantum gravity 
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The phase diagram of four-dimensional Einstein-Hilbert gravity is studied using Wilson's renor- 
malization group. Smooth trajectories connecting the ultraviolet fixed point at short distances with 
attractive infrared fixed points at long distances are derived from the non-perturbative graviton 
propagator. Implications for the asymptotic safety conjecture and further results are discussed. 



Introduction. — An important challenge in theoreti- 
cal physics relates to the quantum nature of gravity and 
the incorporation of the gravitational force into the suc- 
cessful Standard Model of Particle Physics. A promising 
avenue is provided through Weinberg's asymptotic safety 
conjecture, according to which a quantum theory of met- 
ric gravity may very well exist on a fundamental level 
PP. The scenario stipulates the existence of an ultra- 
violet (UV) fixed point which renders the theory finite 
even beyond the Planck scale, in a manner similar to the 
well-known weakly-coupled UV fixed point of quantum 
chromodynamics (QCD). In gravity, and unlike QCD, the 
fixed point is expected to be interacting and its inves- 
tigation requires non-perturbative methods. Substantial 
support in favor of a gravitational UV fixed point has 
been accumulated in recent years based on continuum 
studies, see e.g. [2HS] and references therein, lattice sim- 
ulations [7j |8] , and holography [9] . 

A method of choice in the study of gravity in the 
continuum is given by Wilson's renormalization group, 
based on the infinitesimal integrating-out of momentum 
degrees of freedom. It permits a systematic analysis even 
of strongly correlated and strongly coupled theories and 
offers the prospect for a deeper understanding of gravity 
in its extremes of shortest and largest distances. Further- 
more, insights achieved for other strongly correlated sys- 
tems such as critical scalar theories and QCD, reviewed 
in |10[ lllj , can now be exploited for gravity. 

A useful laboratory for quantum gravity is given by the 
Einstein-Hilbert approximation, which retains Newton's 
coupling Gn and the cosmological constant A as the rel- 
evant couplings. By now, the study of gravitational fixed 
points within the Einstein-Hilbert theory and the phase 
diagram has lead to a consistent picture with a non-trivial 
short-distance fixed point in Newton's coupling and the 
cosmological constant, see 0|lHi] and references therein. 
Infrared fixed points corresponding to a vanishing or neg- 
ative cosmological constant [T2J H3] have been detected 
as well. For positive cosmological constants, the IR be- 
havior is plagued by additional divergences, though the 
conjectured existence of an IR fixed point [2] has re- 
ceived some attention recently [TSJ, [13l [T5HT7] . 

In this Letter, we derive the fixed points and the 



phase diagram of gravity from the RG flow for the non- 
perturbative graviton propagator. Our derivation of the 
RG flow differs from previous studies in two main aspects: 
firstly, we evaluate the flow on flat backgrounds, which 
permits a better control on how the propagating degrees 
of freedom drive the RG flow for the relevant couplings. 
It also provides a consistency check for earlier studies 
based on background field methods [2-6 , bi-metric for- 
mulations, Q2|, and geometric flows [12] . Secondly, we 
adopt a new bi-local projection technique to identify the 
scale-dependence of Newton's coupling and the cosmo- 
logical constant, offering an improved resolution of the 
relevant fluctuations in the UV and IR limits of the the- 
ory. As a result, we obtain the first global phase dia- 
gram with a stable ultraviolet fixed point which connects 
smoothly with an attractive infrared fixed point at posi- 
tive cosmological constant. 

Gravitational renormalization group. — The present 
work is done within the functional RG approach which is 
set up below. It is then utilized for the derivation of the 
RG flow for Newton's coupling Gn and the cosmological 
constant A. Under the RG momentum flow, the classical 
couplings Gn and A turn into scale-dependent couplings, 
whose values depend on the RG scale parameter k. As a 
function of the latter, the couplings interpolate between 
the short (1/k — > 0) and long distance regimes (k — > 0) 
of the theory. It is convenient to introduce the scale 
dependent, dimensionless couplings g N = k 2 G N /ZN,k 
and A = A^/k 2 , where Zpj,k denotes the graviton wave- 
function renormalization. In terms of these, the corre- 
sponding RG /3 functions have the form 

d t g N = (2 + Vn)9n and 9 t X = -2A + n x , (1) 

with t = ln(fc/fco) denoting the logarithmic RG 'time', 
and ko an arbitrary reference scale. We also intro- 
duced the anomalous dimension of the graviton rj N = 
~d t ZN,k/ZN,k and the 'anomalous dimension' of the cos- 
mological constant r/\ = (dtAk)/k 2 . From one can see 
that the fixed point condition (dtg N ,dtX) = (0,0) is sat- 
isfied if the canonical running due to the mass dimension 
of Gat and A^ is exactly counter-balanced by the running 
induced by quantum fluctuations. In case of an UV fixed 
point this scaling is approached in the limit k — ¥ oo, thus 
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FIG. 1: Diagrammatic representation of the flow of the second 
order vertex function. The dressed graviton propagator is 
represented by the double line, the ghost propagator by the 
dashed line, while a dressed vertex is denoted by a dot and 
the regulator insertion by the crossed circle. 



leading to divergence-free couplings at arbitrarily small 
distances. In order to deduce expressions for r/N and r)\ 
we consider the following gauge-fixed effective action, 



r k [g;h,C,C] = 



N,k 



z 

16ttG n 

Z a ,k 

~2c7 
-y/2 



\g\ (R(g) -2A k ) 

(2) 



In ([2]) R(g) is the Ricci scalar, and the second and 
third terms are the gauge fixing term and the ghost ac- 
tion. We use the harmonic gauge condition F^{g,K) — 
y/2 (5^f> a - \g al3 'D IJ ) h af3 , where V is the covariant 
derivative with respect to the background connection. 
The background metric g is necessary to construct the 
gauge fixing and allows for a split g — g + h with 
a fluctuating graviton field h. The background met- 
ric comes with its own auxiliary background diffeomor- 
phisms. The effective action is invariant under combined 
transformations for the background and the fluctuating 
field [T§H2"5] , The Faddeev-Popov operator reads explic- 
itly M» v = r a i> P (g a »Vp + g^V a )~g a ^gpuV a . The 
scale-dependence of Z a , k is irrelevant in Landau-DeWitt 
gauge, a = [HI [501 H3] which we adopt throughout. 

We now turn to the scale-dependence of the effective 
action in ph. It is governed by [2"1] . 

d t T k [g;4>] = ^Tr 1 d t K k , (3) 



2 r k 2) [g;4,} + n k 

where <fi = (h,C,C). The Wilsonian regulator lZ k en- 
sures finiteness of the equation, (T^ + IZk)^ 1 is the full 
propagator and rl = S n T k /S4> n . The trace over the op- 
erator product implies a sum over momenta, all internal 
indices and fields with a minus sign for the ghost fields. 
We choose a regulator of the form 
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r(z) = (i- 1)61(1 -z) 



(2)1 



A 2 



(4) 



which allows for a largely analytical access. The RG flow 
([3]), Q together with ^ enables us to compute ([I]). 




FIG. 2: Dependence of the flow on the external momentum 
p. In this plot for the parameter values A = and r] N — 0. 



Propagator flow and flat backgrounds. — The scale de- 
pendence of the effective action T k in ^ is completely 

governed by that of r^, ; . It is only left to specify our 

(2) 

projection procedure for the flow d t T k ': Firstly we use 
flat backgrounds g^ = 5^. This allows us to distinguish 
on the right hand side of the flow between propagating 
modes and the non-dynamical background [23 . This dis- 
tinction is crucial in Yang-Mills theory to obtain a con- 
fining potential of the order-parameter [55]. Moreover, 
the present setting allows us to study the dependence of 
T k on external momenta p. Following this route, we 
obtain the flow equation by functional differentiation of 
J5|. It has the diagrammatic representation given in Fig- 



|ure 1| All vertices and propagators are fully dressed. 
The flow of the inverse propagator contains the three- 
and the four-point function on the RHS which follow by 
functional differentiation of ([2]). The extensive algebra 
was carried out with the help of FORM and xTENSOR 
[2U1 13T)] . Note also that the ghosts couple only linearly 
to the graviton in our approximation. 

Einstein- Hilbert gravity. — Next we turn to the defi- 
nition of the ^-functions ([!]) within the Einstein-Hilbert 
approximation using an appropriate, bi-local, projection 
in momentum space. We recall that the relevant infor- 
mation is stored in the dynamical spin two degrees of 
freedom of the graviton, which is obtained by project- 
ing the flow onto the transverse-traceless (TT) subspace 
of the symmetric rank-four tensors. Applying this TT 
projection to the LHS of the flow equation leads to 



d t T 



(2) 
fc,TT 



1 



32ttG 



jv 



(p 2 d t Z N:k - 2d t {Z N>k k k j) . (5) 



From an analysis of the momentum structure one infers a 



quadratic divergence of each diagram in Figure 1 which 
we have checked explicitly. Hence, one would expect a 
similar quadratic divergence for large momenta of the 
right hand side of the TT-fiow, denoted with Flow^ (p) . 
For large momenta the flow can be calculated analytically 
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FIG. 3: The functions Ai(A) (solid red line) and A 2 (X) 
(dashed blue line) in the flow of w N Q. In the limit A — > 1/2 
both functions behave as (1 — 2A) -3 . The function A2 has a 
minimal value of —13.6 at A ~ 0.46. 



and we find a cancellation of all divergent terms, leading 
to the exact asymptotic behavior 



(2) 

Flowip^ (p) 

~. fc 3 



-20 + 42A-48A 2 + (1 + A)t ?jv 

p^oo 192tt 2 (1-2A) 2 ' 1 ' 



(2) 

This general behavior of Flow^(p) is displayed in Fig- 
e 2 for ri N = and A = 0. 
A similar cancellation has been observed in the context 
of the Yang-Mills-gravity system where it leads to a van- 
ishing gravitational one-loop contribution to the running 

of the gauge coupling [23] IS]- To further exploit the 

(2) 

structure of the RG flow for Flow^(p) (see Fig. 2), we 
note that it displays a dip as a function of external mo- 
menta p at about p ~ k 7 with a curvature opposite to the 
one found at p = 0. Since fluctuations are integrated out 
at momenta of the order of the RG scale k, a consistent 
choice for the evaluation of dtZ^^ is given by the sym- 
metric point p = k, which we adopt to identify the RG 
flow for Newton's coupling. It also follows from ^ that 
the cosmological constant appears as a graviton mass de- 
fined at vanishing momenta. Therefore, the RG flow for 
the vacuum energy is deduced from dt(Z^^^k) at p = 0. 
Consequently, we are lead to ([I]) via a bi-local projection 
in momentum space, 



d t (Z N , k A k ) = -167rGjvFlow^(p) 



p=0 



d t Z NM = 167T G N dp FlowJj4(p) 



(7) 



p—k 



The virtue of our set-up is that the running of couplings 
is sensitive to the global (momentum) behavior of the 
theory as encoded in its two-point function. In addition, 
the flow of the cosmological constant can be obtained 
completely analytically. Writing r/\ = rj N A + g A3 (A, 77), 





9n * 


A? v 


x 9iv * 


61 


#2 


no ghosts 


1.95 


0.11 


0.21 


3.09 + 2.00 i 


3.09- 2.00i 


with ghosts 


2.03 


0.22 


0.45 


8.38 


2.60 



TABLE I: Fixed point values (<?iv^,Ay v ), their product, and 
the critical exponents 61,2 of the UV fixed point without and 
with the ghost contributions. 



our RG flow ([TJ takes the final form 



A, 



Vn 



1 + 4(1-2A) 2 
12tt(1 - 2A) 3 

M*)9n 
l-A 2 (X)g N 



Vn 



9n 



12 - 45A - 40A 2 
180tt(1 - 2A) 3 
237%/3 - 160?r 
240tt 2 



1 

n 



(8) 



The last terms originate from the ghosts, and the func- 
tions A\ (A) and ^(A) are known numerically and plotted 
in the relevant regime in |Figure 3} 

Fixed points and phase diagram. — The phase diagram 
of the RG flows ([TJ with ^ displays four connected fixed 
points A, B, C and D in the physical regime, see Fig- 



ure 4 



The fixed point A at {g^i,X^ v ) ^ (0,0) denotes 
the asymptotically safe UV fixed point whose coordinates 
and scaling exponents are given in Tab. [T] It is charac- 
terised by two UV relevant real eigenvalues, which turn 
into a complex conjugate pair in the absence of ghost 
field fluctuations. A complex conjugate pair of eigenval- 
ues, as found in many previous studies, can be lifted via 
additional interactions e.g. the inclusion of higher deriva- 
tive interactions. For our set-up, we conclude that the 
degeneracy in the UV scaling of the Ricci scalar and the 
vacuum energy is already lifted by the ghost sector. The 
fixed point B at (g 1 ^, A* R ) — (0,0) is the well-known 
repulsive GauBian IR fixed point. It corresponds to clas- 
sical gravity in the IR with a vanishing cosmological con- 
stant. The fixed point D at (g 1 ^, 1/A* R ) = (0,0") is IR 
attractive in both couplings and governs infrared gravity 
with a negative vacuum energy. In addition we find a 
non-trivial IR fixed point C at 



(dv R *,Ai H ) = (0,1/2) 



1 IR 



(9) 



that is connected to the UV fixed point via smooth RG 
trajectories. It is a distinctive property of the present ap- 
proach that it admits an infrared completion of quantum 
gravity for positive cosmological constant. Naively, one 
would expect classical RG-scaling in the IR fixed point 
regime [H], for signatures thereof see [17l|26]. Here, we 
find an asymptotic IR behaviour with non-classical scal- 
ing exponents A g « 5.5 and A( : _ 2 a) ~ 1-8- This IR be- 
havior satisfies the exact scaling relation A g = 3A(!_ 2 a) 
within the given numerical accuracy. It implies an 
asymptotic weakening of gravity, see also [12j . A more de- 
tailed analysis will be presented in [32] . In our set-up, the 
non-classical scaling of the propagator is a consequence 
of strong IR effects. It will thus be interesting to analyse 
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FIG. 4: Fixed points and phase diagram in the (g^, A)-plane. 
Arrows point from the UV to the IR, red lines and points mark 
separatrices and fixed points, black lines signal a divergence 
of the flow. The inset magnifies the vicinity of C. 



the impact of this scaling on the observable background 
Newton constant and background cosmological constant, 
see [IS]. 

It is important to stress that physical short-distance 
initial conditions in the vicinity of the UV fixed point A 
leads to trajectories in the regions la and lb. In region 
la all trajectories end into the new IR fixed point C with 
large anomalous dimensions for the graviton propagator; 
in region lb the trajectories end in the IR fixed point D 
with classical scaling for the graviton propagator. These 
two regions are separated by the IR instable separatrix 
leading to the Gaufiian FP at B. In turn, all other tra- 
jectories terminate in singularities and have no classical 
regime. Hence, the strong-gravity region is shielded by 
the separatrices AD (<7at<33.5) and AC (gN<5A) from 
regions which admit an extended semi-classical regime. 
The fact that a strong-gravity regime is shielded dynam- 
ically by the RG flow is also present in previous global 
UV-IR studies [T^J H3] , and thus appears to be a generic 
feature of asymptotically safe gravity. 

Summary. — We have studied the phase diagram of 
quantum gravity with a novel projection technique based 
on the graviton two-point function. Our study also dis- 
entangles the role of fluctuation and background fields, 
and confirms that gravity becomes asymptotically safe. 
A further new result are global RG trajectories connect- 
ing the short distance fixed point with weak-gravity long 
distance fixed points. Interestingly, the strong gravity 
regime is dynamically shielded. 
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